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Buckling and Postbuckling Behavior of Composite
Cylindrical Shells under Axial Compression

N. S. KHOT*
Air Force Flight Dynamics Laboratory, W right-Patter son Air Force Base, Ohio

A theoretical analysis of the buckling and postbuckling equilibrium behavior of a fiber rein-
forced cylindrical shell under uniform axial compression is presented. The investigation also
includes some data on the effect of initial imperfections on the buckling behavior of fiber rein-
forced cylindrical shells, von Karman-Donnell large displacement equations and the princi-
ple of stationary potential energy are applied to study the postbuckling behavior. The results
are given for various fiber orientations in the three-layer shell having a radius-to-thickness
ratio of 166.77, consisting of either glass-epoxy or boron-epoxy composites. The cases when
the stiffness coupling matrix is not equal to zero and the coupling matrix is set equal to zero
are considered. It is shown that the latter simplifying assumption gives unconservative
buckling and postbuckling loads. From the results of the effect of initial imperfections on the
buckling behavior, it is seen that the boron-epoxy composite shells are less imperfection
sensitive than glass-epoxy composite shells. This investigation shows that, in general, com-
posite shells are less imperfection sensitive than isotropic shells.
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1. Introduction

THIS investigation deals with the buckling and post-
buckling equilibrium behavior of multilayer anisotropic

cylindrical shells subjected to uniform axial compressive end
loads. Some results are also presented on the influence of
initial imperfections on the maximum load the shell can sup-
port prior to buckling. The study was prompted by the
increasing use of fiber reinforced structures in aerospace
industry.

The buckling of filament-wound cylinders under axial com-
pression has been analytically and experimentally investigated
by Tasi, Feldman, and Stang.1 The experimental loads were
found to lie within 65% to 85% of theoretically predicted
loads. Tasi2 has investigated the effect of heterogeneity on
the stability of composite cylindrical shells. He considered
shells where the in-plane, coupling, and bending stiffness
matrices are orthotropic. His results show that hetero-
geneity has a deleterious effect on the stability of composite
cylinders.

In the present investigation, the postbuckling equilibrium
behavior is studied through the application of the principle of
stationary potential energy. This nonlinear analysis, where
von Karman-Donnell large-displacement equations are used
is analogous to the commonly applied energy analysis to iso-
tropic and orthotropic cylindrical shells.3"10 In this study,
the total potential energy is not considered as a continuous
function of a circumferential wavelength parameter.7 The
postbuckling equilibrium states are then represented by a
family of load-shortening curves; each curve gives a relative
minimum postbuckling load corresponding to the specified
wave number. From the practical point of view, the mini-
mum postbuckling load may not have quantitative sig-
nificance but it generally indicates the imperfection sensitivity
of the structure. An excellent comprehensive survey on the
results of postbuckling investigations of cylindrical shells
during the last 30 years may be found in Ref. 11.

The numerical results presented in this paper are for a
three-layer glass-epoxy and boron-epoxy composite cylindrical
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Fig. 1 Geometry.

shell with a radius-to-thickness ratio of 166.67. It is ob-
served that neglecting the stiffness coupling matrix gives un-
conservative buckling loads as well as postbuckling loads.
The circumferential wave number corresponding to the small-
est value of the relative minimum postbuckling load is found
to depend primarily on the radius-to-thickness ratio and is
independent of material and fiber orientation. The com-
posite shells appear to be less imperfection sensitive than
isotropic shells. Glass-epoxy is more imperfection sensitive
than boron-epoxy.

2. Analytical Formulation

In deriving the equations, the coordinate system (x,y,z)
shown in Fig. la has been used.

2.1 Strain-Displacement Relations

The axial, circumferential, and shear strains at a point
within the shell thickness corresponding to Love-Kirchhoff
assumptions are

£* = €X —— ZkX, &y = 6y —— Zky, £>Xy = €Xy ~ ZkXy (1)

where ex, eyj exy are the strains on the reference surface and
kx, ky, kxy are the changes in curvature.

For a cylindrical shell of radius R, the von Karman-Donnell
nonlinear strain-displacement relations and the changes of
curvatures on the reference surface may be written as

€y = V.y + ^(W,yY - (W/R)

exy = U,y + V,x + W,xW,y
kx = W,XX ky = W.yy k'Xy = 2W,Xy (3)

Where U(x,y)} V(x,y), and W(x,y) are the axial, circumferen-
tial, and radial displacements of the reference surface. A
comma placed after the function denotes differentiation with
respect to the coordinate.

- hk

E
k=l

(8)

where the index k denotes the kih layer bounded by z coordi-
nates hk and hk+i (see Fig. Ib).

2.3 Potential Energy

The total potential energy of a multilayered cylindrical shell
of radius R and length L can be written as

where

[Nna][N]dxdy

(10)

and the potential energy of the applied axial end load

7s = - *** (NX}X=L dy L U,xdx (11)

2.4 Equilibrium and Compatibility Equations

The first variation of the total potential energy with re-
spect to U, V, W equated to zero yields the natural boundary
conditions and the following set of equilibrium equations :

NXtX + N X y , y = 0, Nyty + NXy.X = 0 (12)

(Ny/R) + NXW.XX + 2NXy W,Xy + NyW ,yy +

MX,XX 2MX My,yy = 0 (13)

Equation (12) is identically satisfied by the introduction of an
Airy stress function F(x,y) defined as follows :

Nx = F t y y , Ny = F,xx, Nxy = -F,xy (14)

The equilibrium equation (13) with the aid of Eqs. (6, 7, and
14) can be expressed as

duFtXXXX + (2d62 - du)F,xxxv + (dn + dv - 2d^F,xxyy +
(2d61 - d^F,Xyyy + ^21F , yy y y + N y (W . y y + I / R) +

NXW,XX + 2NxvW,Xy - dn*W,xxxx - ±d1&*W,xxxy -
(2dlz* + 4dM*)W,**yy - 4dto*W.XyyV -

d**W.vyyv = 0 (15)
Eliminating U and V from Eq. (2) and utilizing Eqs. (4) and
(5) the following compatibility condition is obtained :

2.2 Constitutive Equations

The constitutive relations for the composite shell are12

[«] = W[N]+ [d]'[k] (4)
[M] = [d][N] - [d*][k] (5)

The elements of the matrices [a], [d], and [d*] are defined by
[a] = [A]-'; [d] = [D][a] (6)

[d*] = [D*] - [D][a](D] (7)

with in-plane, coupling, and bending stiffness matrices [A],
[D], \D*] defined in terms of the individual layer elastic

(W,xyy - W,xxW,yy - W,XX(1/R) - (2d62 - du)W.*x*v ~
(dn + (fe ~ 2dw)WtXXVy (16)

2.5 Assumed Radial Deflection Function and Compatible
Stress Function

The approximate radial deflection function W is taken
in the following form :

TTX 27TXW = Wo + TFi cos^r- cos-^- + W, cos^ +

2irx
cos— - + MK 4 c o s — (17)
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where TF0 through JF4 are undetermined displacement
parameters, and lx and ly are the half-wavelengths in the
axial and circumferential directions. This form is identical
to that used by Almroth (Ref. 5, case B) for the postbuckling
analysis of an isotropic cylindrical shell. Equation (17) corre-
sponds to a shell whose ends are neither clamped nor simply
supported; however, as has been pointed out in the past, the
boundary conditions may not influence the postbuckling be-
havior if the shell length is sufficient. It is also assumed that
the shell may not deform into a torsional buckling mode.

In order to determine the stress function P, the expression
for W [Eq. (17)] is substituted into the compatibility equa-
tion [Eq. (16)] and solved for F. After imposing the con-
dition that the axial membrane stresses are in over-all
equilibrium with the applied compressive load a, the solution
of Eq. (16) can be written as

F = F - cn/2/2 (18)

The expression for F is given in Appendix A.

2.6 Unit End Shortening and Uniform
Radial Displacement

The unit end shortening 8 caused by the applied compres-
sive end load is given b}^

i /» T
U,xdx (19)

Utilizing Eqs. (2, 4, 5, 17, and 18) end shortening can be ex-
pressed as

where

& = + + 8W + (20)
Imposing the condition that the circumferential displacement
V be single valued, i.e.,

>M 7.^-0

and using Eqs. (2, 4, 5, 17, and 18) would yield

WQ = Rand- + (W^ + 4W3
2)7r2#/8^2 (21)

2.7 Total Potential Energy

Upon substitution of the expressions for W and F into
Eq. (9) and integration, the total potential energy can be
written in the following form:

16P3
2)

64P3
2P4V 327\3P3

2

1

TV - TV
1

J- 5 ^ 6

4}V + 64P3
2P4V]

' m o m

!M4] + j^2P2
2co2X [477

11P2
2P8

^ Pi4 + ~ P3
4 - ~| Pi2P2co -

16P3
2 + 32/c2P2

2 + 512*2P4
2

Pi2P2P3 + Pi20 + 32P2
2</>

/c[Pi2P2 + 16P3
2P4]2M

2 - *

y + 8P2
2P3

2

512P4
201 M4 +

x2 - [Pi2 + 8P2
2 + 4P3

2 +

32P4
2]2ju2co(7 J + constants (22)

= 1-4

/4
(23)

a = (^/2)(an/(fe2*)1/2, N =

and the functions T\ through T\$ are listed in Appendix B.
The stiffness parameters which appear in the energy expres-
sion and in the functions T\ through TW are defined below:

a66)(a11a22)~1/2, /3 =

7 =

= *2 /JOU V /2

~ a22 VfaV '

1/4

(24)

= (dn

= (d12*

The 21 elements in matrices [a], [d], and [d*] are reduced to
the 10 stiffness parameters defined previously. The elements
die* and d26* are absent in Eq. (24). The integrals associated
with these elements in Eq. (10) vanish for the assumed radial
deflection function. When the coupling matrix [D] is zero,
the stiffness parameters v, £, /c, X, and \[/ vanish. For the
special case of orthotropic material where the reference axes
coincide with the elastic axes, all parameters except a, p, and
4> are zero. When the material is isotropic a/2 = p = <j> = 1.

The end shortening 8 [Eq. (20)] may be redefined as a new
parameter 8,

8 = 0 - i-vov 8P2
2 + 4P3

2 + 32P4
2)M2/co (25)

where

8 = 8fl/2(au(fc2*) 1/2

For a system in equilibrium, with given values of stiffness
parameters, circumferential wave number parameter, o>, and
load parameter, a, the principle of stationary potential
energy requires that the function II [Eq. (22)] attain a
stationary value for small variations of PI, P2, P3, P4, and JJL.
Here variation of the total potential energy with respect to /z
may be permissible since the cylinder is not assumed to be of
fixed length. Application of the preceding principle is equiva-
lent to

511 511 dll
dP3

511
dP4

511
= 0 (26)

For want of space, the lengthy nonlinear algebraic equations
generated by Eq. (26) are not given here.

2.8 Numerical Analysis

To investigate the postbuckling behavior and to determine
the unknown parameters, Eq. (26) must be solved. In the
numerical work this was accomplished by the use of Newton-
Raphson iterative method. Knowing the unknown parame-
ters, Eqs. (23) and (25) can be used to evaluate 8, a and plot 8
vs a curves for different values of N.

2.9 Classical Buckling Load

The total potential energy based on the linear theory can be
obtained from Eq. (22) by retaining terms of second order in
PI only. Then minimizing this expression with respect to PI
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Table 1 Elastic properties of materials

Glass-epoxy

En = 7.5 X 106psi
#22 = 3.5 X 106psi
vu = 0.25
G = 1.25 X 106psi

^21 — VttE'M/1

Boron-epoxy

En = 40.0 X 106

E22 = 4.5 X 106

?i2 = 0.25
£ = 1.5 X 106

^11

——— SET 1 [D] # 0

_ _ _ SET 3 [D] t 0
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Fig. 2 Classical buckling loads for glass-epoxy composite
shells.

o-cz(ring) = (/c2 +

= (X2 + 1)1/2 ~ X

be obtained by letting a approach infinity and zero, respec-
tively. Thus

(31)

From the three types of buckling modes, that mode may ap-
pear which is connected with the smallest value of <rcz. For
an orthotropic shell where all parameters are zero except a, p,
and 0, the Eqs. (27-31) reduce to those given in Ref. 6. For
an isotropic shell where a/2 = p = </> = I and all other stiff-
ness parameters are zero, aci = 1 for all the buckling modes.

the following expression is obtained:

where the functions Ri through R5 are as given in Appendix C.
The conditions for the critical value of the classical buckling
load are obtained by minimizing Eq. (27) with respect to
a(= ju2) and co. These two conditions are

7") / [ 7") [ 7~> _ f\ /OQ^

and

where the functions Ri through R^ are as given in Appendix
C. Eliminating co between Eqs. (28) and (29) yields

V" /B.&
./ \ «!

Solution of Eq. (30) gives the value of a for which aci in Eq.
(27) is minimum. From the physical point of view only a real
positive value of a is acceptable. The solution to Eq. (30)
can be obtained by the Newton-Raphson iterative method.
The possible solutions of Eq. (30) are 0 < a < «> (chess-board
buckling) ; a = <» (ring buckling) and a = 0 (longitudinal
buckling) . In the latter two cases the critical value of crci can

SET 4 [D] * 0

- - SET 6 [D] * 0

-.- S E T S 4 AND 6 [o] = 0

cl

0 10 20 30 40 50 60 70 80 90
ANGLE 9

2000!

1500
5="(Lb/IN)

CJ? 1000

——— SET 1 [D] # 0

--- SET 3 [D] * o
_._ SETS 1 AND 3 [D] = 0

0 10 20 30 40 50 60 70 80 90
ANGLE 9

BUCKLING MODES
x CHESS-BOARD
O R I N G
Q LONGITUDINAL

Fig. 3 Classical buckling loads for boron-epoxy composite
shells.

3. Numerical Analysis of a Three-Layer Shell

Since the possible stiffness parameter variations are so
numerous, only the behavior of a shell of fixed geometry, but
with different material and fiber orientations is investigated.
A three-layer shell with a radius of 6.0 in. and the thickness
of each layer equal to 0.012 in. is selected for this purpose.
The midsurface is the reference surface. All layers consist of
either glass-epoxy or boron-epoxy composites with fibers
oriented in different directions in each layer. The elastic
properties of the materials are shown in Table 1.

Six sets of fiber orientations are considered. The fibers are
oriented axially or circumferentially in one of the three layers
and their direction changed in the other two layers. The
fiber orientations in the outer, middle, and inner layers are
shown, respectively, for six different sets:

Setl 0,0,-0 Set 4 7r/2,0,-0

Set 2 - 0,0,0 Set 5 - 0,7r/2,0

Set 3 0,-0,0 Set 6 0,-0,?r/2

where 0 assumes values ranging from 0° to 90° with 10° in-
tervals and is measured from the generatrix (see Fig. Ic).
The fibers are axially oriented when 0 is 0° and circumferen-
tially oriented when it is 90°.

The numerical work was done with the aid of an IBM 7094
digital computer. A computer program was written to
evaluate the stiffness parameters a, f$, etc., and to solve Eqs.
(26) and (30). The program options include a nonhomoge-
neous case where the coupling matrix [D ] is not equal to zero
and an assumed homogeneous case where the matrix [D] is
set equal to zero.

From the numerical values, it is observed that for a given
absolute value of angle 0, the following relations are valid for
the stiffness parameters of different sets: 1) the parameters,
]8 and 7, are nearly zero for all sets; 2) the values of the re-
maining parameters for sets 1 and 4 are the same as those for
sets 3 and 6, respectively, except that /c, X, and ty have op-
posite signs; and 3) for sets 2 and 5 the stiffness parameters,
Vj X, and ^, are zero. From these relations it is seen that for
an assumed homogeneous case ( z ' = £ = K = X = i ^ = 0) the
buckling loads corresponding to sets 1 and 4 would be equal
to those of sets 3 and 6, respectively.

The classical buckling loads for sets 1, 3, 4, and 6 for glass-
epoxy and boron-epoxy composite cylindrical shells are
plotted in Figs. 2 and 3. The classical buckling loads for sets
2 and 5 for boron-epoxy composite shells are given in Fig. 4.
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Fig. 4 Classical buckling loads for boron-epoxy composite
shells.
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Fig. 6 Relative minimum postbuckling loads^for N
4 for glass-epoxy composite shells.

In these figures the value of <?ci instead of the parameter, o-ci,
is plotted to facilitate comparison. The governing buckling
mode is indicated at each point. It is evident from these
plots that the assumption of homogeneity generally yields
higher values of classical buckling loads (unconservative) and
also that the governing buckling mode associated with the
classical buckling load may be different. In particular for the
boron-epoxy composite shell, the assumption of homogeneity
gives 100% higher values for some fiber orientations. Among
the fiber orientations investigated, those of orientation (0°,
70°, -70°) and (90°, 20°, -20°) yield the highest value of
classical buckling load for both glass-epoxy and boron-epoxy
composite shells. The values for these two materials are 575
Ib/in. and 1385 lb/in., respectively. The ratios between the
maximum and the minimum values of GC\ are found to be
1.205 for glass-epoxy and 1.939 for boron-epoxy composite
shells. The condition that the parameter, co, must be a func-
tion of the integer value of the circumferential wave number,
N, affects the classical buckling load in the chess board
buckling mode only. It is observed that an imposition of this
condition makes a very slight change in the numerical value of
<rci. N was found to be either 11 or 12 for glass-epoxy com-
posite and its value varied from 10 to 13 for boron-epoxy com-
posite shells.

The postbuckling curves, a vs £, for the glass-epoxy com-
posite shell corresponding to fiber orientation (90°, 30°,
-30°) and N = 4, 8, and 12 are shown in Fig. 5. Each
curve in Fig. 5 indicates relative minimum postbuckling load.
It was observed that the smallest value of this relative
minimum is obtained when N = 4 for giass-epoxy and boron-
epoxy composite shells. This is true for all fiber orientation
and for nonhomogeneous as well as assumed homogeneous
cases. For isotropic material the smallest value of the rela-
tive minimum postbuckling load (o-min) is 0.1549. This value
which is in agreement with that given in Ref. 5 is also obtained

Fig. 5 Post-
buckling curves
for glass-epoxy
composite cy-
lindrical shell

(90°,30°,-300).

when N = 4. It indicates that the circumferential wave
number associated with the smallest value of the relative
minimum postbuckling load primarily depends upon the
radius-to-thickness ratio of the shell and appears to be inde-
pendent of the material. The relative minimum post-
buckling loads for sets 1, 3, 4, and 6 corresponding to N = 4
for nonhomogeneous ([D] ^ 0) and assumed homogeneous
([D] = 0) cases of glass-epoxy and boron-epoxy composite
shells are plotted in Figs. 6 and 7. The values of end short-
ening, 8, and wavelength ratio, /Z, corresponding to these
postbuckling loads are found to increase gradually for any set
as the value of 6 changes from 0° to 90°.

A close observation of Figs. 2-4, 6, and 7 would show that
the classical buckling load for a given absolute value of 6 for
sets 1, 2, and 3 is the same as that for 6 equal to (90° — 6) for
sets 4, 5, and 6, respectively. But this is not true in the case
of the relative minimum postbuckling loads. This happens
because the principal axis of rigidity for the two cases is not
the same.6

Although the minimum postbuckling loads may have little
quantitative significance, they generally serve to indicate the
degree of imperfection sensitivity of the shell. It is observed
that the ratio 5-min for N = 4 to aci for a boron-epoxy com-
posite shell is generally greater than that for a glass-epoxy
shell for a given fiber orientation. This indicates that boron-
epoxy composite shells are less imperfection sensitive than
glass-epoxy composite shells (see Fig. 8).

x SET 4 [D] * 0

o SET 6 [D] # 0

J O S E T S 4 AND 6 fol = 0
;-o--o--c

300

10 20 30 40 50 60 70
ANGLE 9

375

300

150

x SET 1

o SET 3

0 SETS

.0-°
r_^ = ?-r?zzffrr8

[D]* 0
[D]* 0

AND 3 [D] = 0
--o--o-.,0__0

-rS-^—^-

Fig. 7 Relative minimum postbuckling loads for N — 4
for boron-epoxy composite shells.
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4. Initial Imperfections

The cylindrical shell passes through a maximum load state
before it can snap through. This maximum load ow* which
is of importance to the designer is influenced by the initial
geometric imperfections in the shell.10 o-max is equal to orci if
the shell is geometrically perfect. For the analysis of a
geometrically imperfect shell, the initial imperfection is as-
sumed to be of the form

TW = TTX Try Wr 2wx .cosy- cos-.- + W2 cosy- -\-

2wx 2Try T-TV 4wx ,_ N^3 cos-7— cos-y^ + W4 cos -f- (32)

as the value of W* is increased, more fiber orientations fall
under this category for boron-epoxy composite than for glass-
epoxy composite shells. In order to find snap-buckling load
for larger values of W*, it seems it is necessary to use a more
complete expression for the radial displacement function W
than the one used in Eq. (17). It is evident from Figs. 2, 3,
and 8 that an increase in crci due to change in fiber orientation
is accompanied by an increase in imperfection sensitivity of
the cylindrical shell. The ratios 5-mm for N = 4 to vci are
also plotted in the same figure. From the limited data col-
lected, it is observed that initial imperfections have less in-
fluence on the buckling behavior of the boron-epoxy com-
posite than on the giass-epoxy composite shells, the com-
posite cylindrical shells seem to be less imperfection sensitive
than isotropic shells.

Appendix A

=F = TTX Try . TTX . Trycos— cos— + F2 sin—- sm-~ cos
2-rrx 2wy 2-rrx 2ivy „ . 2wx . 2wycos— — + F5 cos— cos -~- + F& sin — sin— -- +

iy ix iy ix iy

^,,^ Try . 6TTX . T r y TTX airy . TTX . Siry _ 47rx _ 4?n/
^7 COSy- COSy- + FS Silly- Sill -— + FQ COS —— COSy- + F1Q Sin—— Siny^- + Fn COSy— + FU COSy^ +

„ . 5irx . Try _ 6?rx 27r?v __ . GTT^16 sin—— sin— + Fn cosy— cos—— + Fi8 sin—
. . 2iry , _, STTX Try

COS-y— COS-7— + FU Sin-y- Silly- + F^ COS y— COSy~

where Wi through W± are the amplitudes of the imperfections
and lx and ly are the half-wavelength in the axial and circum- '
ferential directions. The values of lx and ly are taken to be
the same as those given by the classical chess board buckling
mode.

The relative values of the imperfection amplitudes are set to

Wl = +4IF2 = -4^3 = 16IT4

which are the same as those given _by Yoshimura buckling
pattern.10 The imperfection ratio W* is defined here as the
ratio of T^i + TF2 + W3 + W4 to the thickness of the shell.
The analytical formulation for investigating the influence
of initial imperfections is not given in this paper for want of
space.
_In Fig. 8, the ratios o"max to crci for the imperfection ratio
W* = 0.04 are plotted for glass-epoxy and boron-epoxy com-
posite shells for the fiber orientations of set 6. For boron-
epoxy composites for 6 equal to 40°, the value is not plotted
since the load-shortening curve does not indicate snap-
through, but it increases monotonically. It is noticed that

where

X

4]/(ft2 - ft2

F2 =

F3 =

^4 =

F5 =

(ft- X

ft l / ( f t 2 -

1
32

X

1.0 r

- ft2)
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. ISOTROPIC SHELL 0.7254
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X

- G6
2)

FOR W = 0. 04

FOR N = 4

Fig. 8 The ratios
[ffmin for N =

4/tfcz_ [and [a-max
for W* = 0.04/<rcZ]
for glass-epoxy
and boron-epoxy
composite shells

for set 6.
Fu =

022

I S O T R O P I C SHELL

Tjl __ __ TTT TXT
" 13 '' 2 ' r 3

F,« = WWsfto/Cft2 ~ 6
Fi, = -8TF1TF4ft1/(fti2
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F18 = 2Ws

M = ly/lx

Gl = d12/z2

81M
4

M
4 +

625M4

ft =

ft =

ft =

ft =

(2d62 - di
2/Za26 + 2
81a22/Z2 +

54/Za26 +

fto

fti

ft2

fts
ft4 =

= 32a22/Z2

= 32/Za26 +
= 625a22M2

- 81a22M2

+ 9(2a12 + a66)

+ 9(2ai2 + a88)

2 + 8(2a12 + a66)

2 + 25(2a12 + a66)

ij2 + 9(2a12 + a66)

Appendix B

X -
+ 1
81

T, =
T, =
!T8 =
T1Q -

7)
97)
+ 7)

Appendix C

- 4a//2
2)

= H5/2a

Rs =

RIO —
fti =

2avH2

= a2 + aa + 1
X

H = 2i<a

H2 = a/3 + 7

Ht = 2a + a
a = u2
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